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$0$
1960 , D. Deckard C. Peacy[l, 2] , $AW^{*}$ $M$ , $M$
$M$ . .
$C^{*}$ . , 2 $(x^{2}=a)$
. , :
$c*$ $A$ (square root closed) , $a\in A$
, $a=b^{2}$ $b\in A$ .
$c*$ $A$ (approximately square root closed) ,
$\epsilon>0$ $a\in A$ , $||a-b^{2}||<\epsilon$ $b\in A$
.
$C^{*}$ $A(\underline{\simeq}c(X))$ , $X$ “ ” ,
$\pi_{1}(X)$ : $rightarrow K_{1}(C(X))$ : $K_{1}$
. $C([0,1])$ $C(\mathrm{T})$ , .
, $\mathrm{T}=\{z\in \mathbb{C} : |z|=1\}$ .
, $A$ 1 $X$ 1 ,
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(2) $A$ , A\otimes M2\infty .
(3) $\mathrm{T}$ Goodearl $A$ , $A$ , $K_{1}(A)$
2 .
(4) , , $\mathit{0}*$ $A$ , $A$
, $K_{1}(A)$ 2 .
, (4) .
1 , , $\mathit{0}*$
$A$ , , $C^{*}$ . .
(1) $A$ .
(2) $K_{1}(A)$ 2 .
. (1) $\Rightarrow(2)$ , $A$ , $K_{1}(A)\cong U(A)/U_{0}(A)(U_{0}(A)$
$A$ $U(A)$ , . )
, $A$ , (1) .
(2) $\Rightarrow(1)$ , , .




$x\in A$ $\epsilon>0$ P. Friis M. $\mathrm{R}\emptyset \mathrm{r}\mathrm{d}\mathrm{a}\mathrm{m}$
[3, Proposition 3.4] $X^{f})$ ,
$\mathrm{S}\mathrm{p}(z)\subset$ { $a+b\sqrt{-1}$ : $a\in\epsilon \mathbb{Z}$ $b\in\epsilon \mathbb{Z}$ }, $||x-z||<\epsilon$
$z\in A$ . ,
. $z$ , (I) , ,
(I): $\bullet]\mathrm{u}\mathrm{I}\dot{\mathrm{u}}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}\approx$
. (II) , $\square$ , $arrow$
(II): $\mathrm{F}arrow[\mathrm{T}$ $\bullet]\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}\approx[\square$ $arrow]$




. $\square \cong \mathrm{T}$
– $\cong[-1,1]$ , .
, $\square \cong \mathrm{T}$
ls , $A$ , $r$ $rAr$ ,
diag $(\#,$ $\bullet,$ $\bullet)$ diag $(\square ,$ $\square ,$ $-)$








, $\text{ }$ $\square \cong \mathrm{T}$
, .
$A$ , , $C^{*}$ $u\in A$ $[u]\in K_{1}(A)$ 2
. , $\epsilon>0$ ,
$||u-v^{2}||<\mathcal{E}$
$v\in A$ .
, $A$ $0$ $(\mathrm{H}\mathrm{P})_{\lrcorner}$ $(\mathrm{F}\mathrm{U})$
, ,
( “ ” )
. , $A$
(2) $\Rightarrow(1)$ , $A$
.
4
. $\epsilon$ , $\mathrm{S}\mathrm{p}(u)=\mathrm{T}$ $\epsilon$ $F$ ( ,
$\xi\in \mathrm{T}$ , $|\xi-\eta|<6$ $\eta\in F$ . ) ,
$\delta>0$
$S_{\eta}=\{\xi\in \mathrm{T} : |\xi-\eta|<\delta\}$ $(\eta\in F)$ , $i\neq j\Rightarrow S_{\eta_{i}}\cap S_{\eta_{j}}=\emptyset$
$\mathrm{T}$ $\{S_{\eta}\}_{\eta\in F}$ . , $\eta\in F$ ,
$f_{\eta}$ : $\mathrm{T}arrow[0,1]$ ,
$\xi=\eta\Rightarrow f_{\eta}(\xi)=1$ , $\xi\not\in S_{\eta}\Rightarrow f_{\eta}(\xi)=0$
. $A$ $(\mathrm{H}\mathrm{P})$ , $u$ $u_{0}\in A$
$\{e_{\eta}\}_{\eta\in F}$
$e_{\eta}u_{0}=u_{0}e_{\eta}=\eta e_{\eta}$ $(\eta\in F)$
$(*)$
. , H. Lin [4, Lemma 2] ,
$|| \{\sum_{\eta}\eta e_{\eta}+(1-\sum_{\eta}e_{\eta})u(1-\sum_{\eta}e_{\eta})\}-u||<\mathcal{E}$
$\{e_{\eta}\}_{\eta\in F}$ . $e=1- \sum_{\eta}e_{\eta}$ ,
$eue$ $u_{1}\in eAe$ ,
$||( \sum_{\eta}\eta e_{\eta}+u_{1})-u||<\in$
. $\sum\eta e_{\eta}+u_{1}$ $u\mathit{0}$ , $(*)$ .
$[u_{1}]=[u]\in K_{1}(A)$ . $K_{1}(A)\underline{\simeq}K_{1}(eAe)$ , $[u_{1}]=-2[v]$
$v\in eAe$ . diag$(u_{1}, v^{2})\in U_{0}(M_{2}(eAe))$ , $M_{2}(eAe)$
$0$ $F\subset \mathrm{T}$ , diag $(u_{1}, v^{2})$
$\sum_{i=1}^{n}$ niqi $(\eta_{i}\in F, q_{i}\in eAe)$
$A$ ,
$[r_{i}]=[q_{i}]\in K_{0}(A)$ $r_{i}\leq e_{\eta_{i}}$ , $r= \sum_{i}r_{i}$
, $rAr$ diag $(u_{1}, v^{2})$ $u_{2}\in rAr$
. , $u_{3}=(u_{1}+u_{\mathit{2}})+(1-e-r)u0\in A$ , $u_{1}+u_{2}$ }
$=\in M_{3}(eAe)$
5
, $(1-e-r)u_{0}$ , , $u_{3}$
, .
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